EXPLICIT FORMULAS CATALOGUE: CONVERTING BETWEEN BALLS AND
BOUNDARIES
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1. INTRODUCTION

Many times in PDE (and analysis) for that matter we wish to prove or utilize identities where
one side of the identity involves the integral over an open ball and the other involves the integral
over the boundary of a ball. These sometimes have nice geometric interpretations but the focus is
usually in using them to solve analytic problems related to energy methods or a priori estimates for
solutions to certain PDEs. We present the theorems roughly as they appear in [Evl]]. Throughout, €2
denotes an open bounded set in R™ and v denotes a unit outward normal.

2. SOME THEOREMS

Theorem 2.1 (Gauss-Green). (Evans p. 711) Let u € C*(Q). Then
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Theorem 2.2 (Divergence Theorem). (Evans p. 712) Let u be an n-dimensional vector field where

each component is C1()). Then
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Theorem 2.3 (Integration by Parts). (Evans p. 712) Let u,v € C1(2). Then

/ Uy, vdT = —/ UV, dx +/ uvr'dS
Q Q o0
foralll <¢ <n.

Theorem 2.4 (Green Formulas). (Evans p. 712) Let u,v € C?(2). Then

/Audx:/ @ds
Q on Ov

/Vv-vudx:—/uﬁvdx—k/avudé’
0 0 o Ov

foralll <i<n.
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Theorem 2.5. (Evans p. 712) Let f : R™ — R be continuous and in L' (R). Then

[ = [ ( [ fds) r

for each xo € R™. Furthermore, for each r > 0,

sl g =] gas
dr B(zo,r) OB(zo,r)

Theorem 2.6 (Moving Regions). (Evans p. 713) Let Q(7) C R™ be a smoothly parameterized
family of moving regions that are bounded. Let v be the velocity of the moving boundary 9€().
Then for a smooth function f in x and T,

d/ fdx = / fv-vdS -I-/ Jrdx
T Q(r) oQ(r) Q(7)

Theorem 2.7 (Reverse Differentiation). (Han p. 231) If ¢ : R™ — R is a smooth, compactly
supported function, then fort > 0 and x,w € R",

(x4 tw) = / —T,Z)x+sw)d
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