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Motivating Questions (easy)

@ How many ways can we split n balls into ¢ nonempty
ordered bins [stars and bars]? ("}*;7)
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@ How many ways can we split n balls into ¢ nonempty

ordered bins [stars and bars]? ("}*;7)

@ How many ways can we split n balls into ¢ nonempty
ordered bins so that each bin has at least t balls?




Motivating Questions (hard)

A similar-sounding, more complicated question:

B, k: How many ways can we split n balls into any number of
nonempty ordered bins where the most crowded bin has
exactly k balls?

One more restriction:

M0 k- How many ways we can split n balls into £ non-empty
bins such that the most crowded bin has exactly k balls?




@ Pure enumerative techniques—no generating functions!
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@ Pure enumerative techniques—no generating functions!

@ Binomial Coefficient Identities
@ Principle of Inclusion and Exclusion
@ Extensive casework




Main Results

Theorem (Closed form: dominant bin)

Ifn,k e Nt with § < k < n then

Bok = (n—k+3)2nk=2

Theorem (Closed form : By x)
If k € NT then

| A

Bokkx = (k+3)2k2 1.

A
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Main Results (continued)

Theorem (Closed form for Box )

Letj, k € Nt with k > j. Then the number of ways to split 2k + j
balls into nonempty bins so the most crowded bin has exactly k
balls is

Bokyjk = (k+j+3)2K=2 —(3/2 1195 + 18)2/~*.




Main Results (continued)

Theorem (Formula for Generalized balls into bins with
restrictions problem)

Suppose n, k, ¢ € NT such that ¢ + k — 1 < n < (k. Then the
following identity for My, ; x holds:

Mok = ;<—1)t<f>[<n_gf(1_1) B (n_t(zf(—_11)_1>]
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Lemma

Letn, i,k e Nt suchthaty <k <nand2</{<n—k+1.
Then the number of ways to split n balls into ¢ nonempty bins
where the most crowded bin has exactly k balls is

n—k-—1
Mn’zJ( = E( 672 ).

@ One bin has k balls

@ Split n — k balls amongst ¢ — 1 nonempty bins; stars and
bars

@ Decide where the dominant bin goes

A
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Theorem (Closed form: dominant bin)

Ifn,k e NT with § < k < n, then

= (n— k4 3)2" k=2,

@ Observe By = Y75 ¢("%5 ") from the lemma

@ Result follows from well-known identity >"¢_, k(}) = n2""
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Lemma (Formula for By )

If k € NT then the number of ways to split 2k balls into ¢
nonempty bins where 2 < ¢ < k + 1 and the most crowded bin
has exactly k balls is

w1 (=2
T (k) 3< < k41

@ For case ¢/ = 2, there is only one possible configuration

@ For case ¢ > 3, select 1 bin to fill with k (maximum) balls;
for the rest of the balls and bins, we use stars and bars

@ Maximum number of bins is k + 1

A4
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Theorem (Closed Form for By )

If k € NT then
BZk,k = (k+ 3)2k_2 —1.

@ The result is obtained by summing up all possibilities of the
previous lemma forthe case 2 </ < k+ 1
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Formula for By «

In the following slides, we will derive a closed form for Bok
when 0 < j < k. We introduce some new notation.

@ Tokijk+ik) : The number of ways to sort 2k + j balls into
nonempty bins so that one bin has k balls and another has
k+iballs (0 <i<j)

@ Uokijek+ikl - The aforementioned quantity where exactly
¢ nonempty bins are used

@ Fokyjkt - The total number of ways to split 2k + j balls into
nonempty bins so that at least t bins have exactly k balls.
Inthiscaset=1ort=2

@ Gokyjek, - The aforementioned quantity where exactly ¢
nonempty bins are used
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Lemma

Leti,j, k € N* with k > j > i. Then the number of ways to sort
2k + j balls into nonempty bins so one bin has k balls and
another has k + i balls is

j—i

i1
Toksjfhsih] = D (P +30+2) <j /1 >
=

E|
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Lemma

Letj, k € NT with k > j. Then the total number of ways to split
2k + j balls into nonempty bins so that at least two bins have
exactly k balls is

) :
Ze Y3042/ -1
=1

1
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Lemma

Letj, k € NT with k > j. Then the total number of ways to split
2k + j balls into nonempty bins so that at least one bin has
exactly k balls is

k+j , i :
k+j—1 c+30+2 ()1
Fokijk1 = E (f+1)( gi1 >Z > <2_1>'

=1 =1

@ We deliberately over-count number of ways to split 2k + j
balls into nonempty bins so that at least one bin has
exactly k balls, grouping k + j balls into ¢ nonempty bins

@ We double-count configurations that have two bins with
exactly k balls each (ignoring possibility that two bins have
k balls)

1
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Lemma

Leti,j,k,t e NT withi < j< kand3 </{<j—i+2. Then, the
number of ways to split 2k + j balls info £ nonempty bins so one
bin has k balls and another has k + i balls is

i1
Unktj ki = L€— 1)(j /_3 )
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Lemma

Letj, k,¢ € NT withj < k and3 < ¢ < j+ 2. Then the total
number of ways to split 2k + j balls into ¢ nonempty bins so that
at least two bins have exactly k balls is

e—1)(j—1
Gokijeke = 5 o)
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Lemma

Letj,k € Nt withj < k and2 < ¢ < k + j + 1. Then the total
number of ways to split 2k + j balls into ¢ nonempty bins so the
most crowded bin has exactly k balls is

(0, (=2
() - S IZY) - S @ - 0,
Mok jok = l=j+2-851<s<j

0 - S, ¢=j+2
A j+3<O<k+j+1
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Frame Title

Lemma (Summation Formula for By «)

Letj, k € NT with k > j. Then the total number of ways to split
2k + j balls into nonempty bins so the most crowded bin has
exactly k balls is

K441 . j+2 0 ,
- k+j—1 P2—0(j-1
Bokjk = ) f( (-2 )12_2 2 <£—3)

1=2

j—1 j—it2 —
-y 2(52—5)</£L31> _2.

i=1 ¢=3
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Closed Form for By «

Theorem (Closed Form for By )

Letj, k € Nt with k > j. Then the number of ways to split 2k + j
balls into nonempty bins so the most crowded bin has exactly k
balls is

Bokyjk = (k+j+3)2K=2 (32 119 + 18)2/~4.

@ Comes from finding closed forms of the various summands
in the previous lemma

@ Used formula }";_o k3(}) = n(n+1)2"-2
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Generalized Definitions

To generalize the previous formula for n balls, where n is not
dependent on the number of bins ¢, we define:

@ nballs instead of 2k + j balls
@ Maximum capacity is k
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Generalized Bins Restriction problem

Definition (Generalized Bins Restriction Problem)

Let n, ¢, k € NT. The Generalized Bins Restriction problem
aims to find the number of ways to split n balls into ¢ bins such
that the maximum number of balls in each bin is at most k.

Denote this quantity R, ¢ «
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Generalized balls into bins with restrictions problem

Generalized Balls in Bins with restriction

Let n, ¢, k € NT. This problem asks how many ways can we
split n balls into ¢ bins such that the most crowded bin has
exactly k balls?

Denote this quantity M, ; «
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Formula for generalized bins restriction problem: R, , «

Theorem (Formula for R, «)

Letn, ¢, k € N*. Then the number of ways to split n balls into ¢

bins such that the maximum number of balls in each bin is at
most k equals

L

Rk — Z(_1)t<€> (n—t(k+1)+£—1>‘

t ‘-1
t=0
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Proof of Formula for R, , «

@ Ways to fill n balls into ¢ bins with no upper restriction on
the number of bins is simply

n++¢—-1
¢—1.
@ Note that this would include all the configurations which
satisfy the restriction condition that each bin contains at

most k and all the configurations which do not satisfy given
conditions
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Proof of Formula for R, , «

@ Assume that the bins have been labelled in some order,
indexed from 1 to £. Let A; denote the finite set of all
configurations such that the i bin contains more than k
balls

@ The total number of configurations which violate the
restriction condition equals
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Proof of Formula for R, , «

@ Using the Principle of Inclusion and Exclusion, this is
equivalent to the following formula:

14 14

=S T1AI- Y JANAl+ Y JANANA

i=1 1<i<j<e 1<i<j<k<e

i=1

o+ (D) AINA - NAL

@ Use casework on each term
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Proof of Formula for R, , «

@ Terms in First Summation (Z,‘f:1 |Ai]):

ZZ:A-I NNtk 1) 01
£ 17\ 0—1 '
@ Terms in the Second Summation (3_,_,_;, \Ai N Aj\)i

S Anal - (é)(n—z(k€+_11)+z—1>_

1<i<j<e

@ Proceed similarly for the other summations given in the
formula of Inclusion and Exclusion
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Generalized balls into bins with restrictions problem

Theorem (Formula for M, , «)

Suppose n, ¢,k € NT such that? + k — 1 < n < (k. Then the
following identity for My, ¢ x holds:

Mnek = Rn—eok—1— Rn—rpok—2 =

R -
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Proof of formula for M, ; «

@ Start by putting one ball in each bin to satisfy the
"non-emptiness" condition

@ Now, the restriction on each bin would be kK — 1 because
we have put one ball in each bin

@ Remaining number of balls is (n — ¢), so we fill the bins
with the rest of the (n — ¢) balls with the above restriction

@ The number of ways to distribute (n — ¢) balls into ¢ bins
such that each bin gets at most kK — 1 balls is simply
Rn_¢ ¢ k-1
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Proof of formula for M, ; «

@ There are some unwanted configurations in the above
formula; need a bin with exactly k balls

@ If the most crowded bin does not contain k balls, it
contains at most k — 1 balls

@ Distribute n balls into ¢ non-empty bins such that each bin
contains at most kK — 1 balls: Ry_s s x—2

@ Subtract the above value from R,_; /s x—1

eSS
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Identities involving R, , «

Prominent identities involving the variable R, x are highlighted

below:
°
Rnek = Rek—n,e.k: (1)
° n
Rnemik = Z Ri¢m Rn—iok; (2)
i—0
°
K
Roerik =Y Rosick 3)
i=0
°

Rnt1.041.k — Bnet1.6 = Rns1.0k — Rn—k k- (4)




Future Problems

@ Find formula for average number of bins, fixing number of
balls

@ Find formulas when t bins are “tied" for max number of
balls

@ Color the balls c different colors
@ Corresponding probability distributions as n — oo

YT
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